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This article is an attempt to analyse the theoretical im-
plications of technological change within a genaral framework
and then, in the specialized factor-augmenting case, Two-factor
production functions are used in the analysis, but the main

results are generalized to the n-factor case.,

The analysisg is.done within a framework that allows for
biased technologicel change, and Ehe three main definitions, those ,
according to HICKS, HARROD and SOLOW, are explicitly derived and
related to each other.

The results obtained are useful in understanding the phe-
nomenon of technological change and can be of great help in
specifying econcmetric models, such as those based on the new

"translog" function.(l}

Let us assume .that it is possible to define a macro-economic
relation between output and a set of inputs, the aggragate pro-
duction function.(Z} Such a production function, defined in

(1) See ALBUQUERQUE (1985). Thic article is a slightly modified
version of chapter 2 of "M Transglog Analysis of Technological
Change and Scale Effects in Brazilian Agriculture: A Case
of Inefficient Modernization®, a Ph.D. Thesis presented to
the Department of Economics of Harvard University.

(2) Defining the function as F{X) where X is the input vector,
I is a neoclasgssical production function if it pGssesses the
following characteristics: _

a) F ig a continuous function from the set.of all non-negative

- dnput bundles onte the set of non-negative output levels.

b) F has continucus second order partial derivatives with
respect to all arguments, '

¢y F, (X) » o.

d) ¥ (XX) = \F (X) for all X > 0 and all X 3 0.
€) Strict quasi-concavity: for any X 3 0,

X' 3 Ov
0 < X <1 and for any C > 0, §f F (X)) é' and
FAX') > C then F 0OX + (1 - A X') 2 ¢ with

equality if X = X',
- See BURMEISTER et al (1970).




close analogy with the mroroeconomic production funoition,  can
be characterized by 4 parzmeters which describekits "abstract

technology®, i.e., the efficiency parameter,. the scale parameter,

the intensity parameter and the substitution paramete;l(S)

s

A change in "abstract technology" can be associated with
& number of factors such as Sreater posgibilily of subgtitution
between factors of production, economiag OI‘di&ﬁiTVmi?S of scaie,
increésed education and training, inter-sectorial resource shifts,
organizational improvements, etc, . Although sare of i! ~ee reasons
may he directly associated with changesg in the stock of knowledge,
usually resulting from research and developmeht, cthers nay not.
Such is the case, for instance, of the pProcesg of training which
does not really increase the stock of knowledge, but may speed
up its diffugion thereby leading to a shift of the production
function,(4) |

The aggregate production function shoulg not be interpreted
as a relationship describing the most efficient production tech
nigues, but rather, as representing the average level of production
poésibilities available to producers at any given moment in time.
Interpreted in this fashion, the aggregate production function
is not a totally exogenuus element in economic theory, exclusively
dependent on'technologically determined stock Of knowledge, hut
rather an endogenous variable Jointly determined by economic
and hon-economic considerationg, The production function, inter
breted as a totally technologically determined concept, restricts
its more wide-ranging characteristiésh “eSpecially in a dynamic
context.(s). ) '

(3) BROWN (1966) chapters 2, 4, acx an example, take the 2 factor
CES production function where y ig output, K ig capital
_ ' -5 51 ~A/p
and L ie labour, v = Y akK + (1 - o) 1, QJ Y is
the efficiency parameter, " a ig the intensity parameter,
2 is the scale or degree . of homogeneity bParameter and p ig
the substitution parameter, : :

(4) For a discussion of the way in which these factors influence
' technological change see KENNEDY.et al G972),IEER332119?Q.

(5) This broader view of the concept of the production function
lends itself, for instance, to the theory of induced innova-
tion according to which the adoption of-uxﬁmohxﬁcal;xogress
depends on factor Price ratios, even though physically, new
techniques of productions may be known well in advance,
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Technical change, at the aggregate level, émlb@:%@K@&ﬂﬂed
by an index which specifieg the production fgnction shiftse,
generatiné a whole family”of sﬁch functions. The index itselsf
1s a function of all factors which cause technological change
such ag economic,'technological, cultural, climatic ang other
factorg. As a simplification, ve shall associate this index,
which we shall cali "t", with calendar tine, This interpretation
-Of the parameter "t assumes that the shiftg of the aggregate
production function OCCUr in a smooth and continumu;way,alﬂxmgh
we shbuld be aware that at the microeconomic level technological
change occurs erratically, at timeé going forward and then

retrogressing.

Fariy discussions of technological progressg attem?ted to
evaiuate the effect of mechanization on the level of emplovment
and, consequentiy, on labour's pParticipation in the” income
generated by an economic system. It wag natural{batcﬁﬂcussions
focused,on classifying types of technological change éccording

to their effect ~n income shareg dctrueing to .gpecific ﬂﬂﬁnrsu(s)

Three typc- .. classification schemes are the most common
and widely used, s of FTCKS, HARROD and SOLOWE(7) Eaﬂ}d@ﬁh@l
tion Says that, Lo ot input (X ang L} Production function,
technologidal chan;;Tis neutral if it leaves factor shares un-

altered along paths shere the capital-labour ratio, the rate of
return on capital, and fhé wage rate, Tespectively, are constant,
Conversely, technical change is defined ag capital«~using {the
same és labour~saving) or labourfusing—(the same  as  capital-
saving) according to cach definition if, Tespectively, the share
of capitai or.that of labour rigeg. '

(&) Usually, classificatiomsof technological progress try  .gq
: measure itg impact on some predetermined variable, i.e., the
capital-output ratio, the marginal rate of substitution,
factor shares, average labour productivity ete, However,
these variableg are not dependent on technology alone; they
depend alzo on proportional factor supplies. Thusg, it ig
necessary to isolate the technologicatl effectlgrspecifying
a4 particular path along which ig neasured the "pure” effect
of technological change. . i

(7) HICKS (1932), HARROD (1948) and soroy (1963).




HICKS neutrality, which regulres che constancy of relabcive
shares along a path where the capital-labour ratio is constant,
is geared to analysing a short-run situation when capital and

labour availabilities are fixed.

T

HARROD's definition allows for leng-run adjustments of

factor availability, but imposes the restriction of a consztant
rate of return on capital. This hypothesis‘is in the sgpirit of
"neo~Keynesian" economics, according to which, cépitalistgf in
mature cconcmies, determine their average rate of profit, which

therefore, ceasges to be an excgennusly determined variable.

Finally, - SOLOW's definition is consistent with an.
underdeveloped econcmy where the wage rate, supposedly at
subgistence level, cannot be lowered, and is not allowed to be

raised by the well-known mechanisms described by the unlimited-

{(8)

gsupply-of-labour models,

Criginally, the three clasgifications of technological
change were not explicitly defined in terms of factor sha:és,
HICKS‘néutrality required a constant marginal rate of substitu-~
tion at a given full employment capital-labour. ratio: HARROD
regquired a constant capital—output ratio at a given rate of
interest; SOLOW reguired a constant labour-output ratic given

a fixed wage rate.

‘As BECKMAN and SATO (1268) have shown in - their attempt
to define new types of technical progress, when factor shares
ére introduced as variables to be considered invariant in relation
to capital-labour, capital-output,and labour-output ratios,tjmse
definitions turned out to coincide with those given by BICKS,
EARROD and SOLOW, respectively; Actually, this can be =seen in a
fairly stfaightforWard way.

Defining F{ . )} as the neoclassical production function,

K

I, as the share of capital, and dots as total differentiation
with respect to time, '

S S .
(8) FEI and RANIS (1965) used - SOLOW's definition in +heir

analysis of technological change in undexrdeveloped econcmies.
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defi 0 = ﬁL since HK,I and RK/Y are not =11

independent. (The SOLOW neutrality case can be eagily shown
P L wl,

using the expressgion n = v = M%?f). For HICKS neutral

technological progress, the equivalence of his original defini-
tion to the statement in terms of factor shares can ke shown
as follows: defining p = ~£~, and, since cost minimization equatas
p to the marginal rate of substitution,

nK - §§ = pk ‘ - ‘%)

L

which must imply that HK = 0 = HL gince HK’VHLE P and k

are not all independent. Stating HICKS neutrality in +terms of
factor sharés is ¢onvenient in that it establishes the bias of
technological change in the n factor case by a single mezasure,
while the original definition, stated in terms of marginal rates
of substitution, would lead to ﬁ ~ 1 measureé of bias for ecach
factof.‘g)

a) The General Case:

) Uéing rgsults Obtained by FERCUsON (1971, anc by
DIAMOND, MCFADDEN/and RODRIGUEZ in FUSS et a1 (1878), i+ is
Possible to derive relationships which clarify - the role of
technological Progress in growth accounting. Beginning with the
usval production function '

¥ = F(KrLrt) ' : (3)

~define the'&ate of technological Progressg as(lo)
o on ot K LF ¢
TF T F | (4)
and
I T T .
F o RF, 1f_EEET' (5)
—— —

{ 9} The same reasoning holdsg alsc for HARRCD's and SOLOW's
definition of technological change.

(10) A su?sc?ipt'denotes partial differentiation, dots denote
t?taL time derivative and hats denote logarithmic
differentiations with respect to time,
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Foliowing HICKS! Driginal dEfinition, let # FRoresent ths

bias of technological progress.

a(.nr.i..l_i)/f )
S S L I L 7 (6)
" ot ot - Fp T F Fr

where M denotes the marginal raté of technical substitution
between capital and labour!ll) Technological Progress isg HICKS
capital using (labour saVing}, neutral, or labournming (capital
saving) depending on whether B % 0.

Using expression (5) and (6}, it is péssible to express
the total rate of change of the factor marginal products in terms
0of the rate of'technological changes, the bias of technological
pPregress and of factor shares.(lz)

.": — 1 - H : - H - - - . : 7\

¥ T‘rﬁKK"}’ LT T 4 Kk L | (7)

™ k

ro= 7 4 MHL (B - ) : (8)

~ . %

T R - } - . {9)

wom be (B p .

g;m;<ﬁ§> = B o (1 - _1_} k o (1G)
L/l o] :

— .

{(11) Alternatively, using the pProduction function in the intengive
form _ :
BoblnM a1 £ N L

Y TR _*'"':mh'—'_’”" - TTTTET——
at at £ kfk fk {(f kfk)

(12) For a detailed treatment of thig natter see appendix, In
arriving at exbressions we assumed linear hémogeneity and
profit maximizing behaviour in 5 compatitive market, - We
assume linear homogeneity for heuristies Purposes, s=ince
making thisg assumption allows us te derive o,theeﬂastﬁﬂty
of factor substitution, Were F (.) not homogeneous g would

have to be replaced by some exXpression, also g function of
the same variables that determine g + Which would still
reflect "factor substitution”,.although not in  the

conventional formp cxXpressed by the elasticity of sSubstitu-
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denote logarithmic differentia
tion, r is the return of capital, w is the wage rate and g is

the relative factor share.

Some important conclusionsg can be drawn from the relation=-

‘ships derived above which shed light on the importance of tech-
nological change in determining the values

cf some key variables
in an economic systemn.

The growth rate of output can

be deqomposed into two
. Separate parts:

a) growth of output attributa
progress alcne and which results exclug
production function,

kle to technological
ively ‘Ffrom shifts in the
and b} growth of output attributable
increased supply of factors of product
exclusively from m

to

ion and which regults :
ovements aleng the static production function, ﬁ
In figure 1 the former growth effect ig Tepresented Ly a
ment from B. to C, while the latter jg repreg
ment frem A to B,

move -
ented by a move--

(k,¥}

>

LI WP,

Fisure 1 THE TECHNOLOGICAL - AND THE FACTORIAL COMPOMENTS
N OF GROWTH OF ouTpUT
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facter price growth aguation nd the relative factor zhare
~ A

-

growth equation are also dependent on technological  and

factorial cemponents. Actually, grthh of factor prices (8)

and (95 are dependent on four different variables namely

‘the rate o£ technologlcal proglevs (T}, the biascﬁ?tedvmhxﬁcal

progress (B), the growth rate of factors of production (k) and

the elasticity of substitution (¢). The variables T, B and o

are technological components, whereas k is +he factorial

component.
From equations ( g ) and 3 ) it can be seen that

the rate of_t:chnologicai progress T hag a positive effect on

both factor prices since it increases thelr marginal products. .

On the other hand, the other growth components affect factor

prices in different dlrectlons

The HICLS bias, B, will lﬂcrOaSL the growth of the :

rate of return on capital if technoclogical progress is capital-

us¢ng.(B>0}e Conversely, it will teng to reduce i+ S if

technological progress ig labour- “using (B<Q)

Muta@is muidﬂaLs

B will affect the growt1 of the wWage -rate. Of course, B has ne

effect on factor prlces if technologlcal pProgress

is HICKS
ncutral (B = 0y,
o . k . g
The expression ¢ P equations ( g ) and . ( g }
shows the effect of changes in factor tntensity “"corrocteg® for

the'possibility of factor substitution in prudurtlon | The

elastlc¢+y of substitution can either dampen Cr enhance the

effect of. factor changes on growth of £

- >
on whether_ ¢ = 1l. If

'stitutionlimplied | by
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" compensate the influence of changes in factor supplies on

factor prices. (13)

If o<1, the effects of weak substitution:
possibilities will increase the effect of changed faclror
supplies on factor prices. Of ceurse, if o = 1 there ig
p:ffect substitution, and changes in factor supplies affect
'factor priées without any interference from factor substitution
possibilities, It is cleax, therefore, that no unambiguous .
conclusion about effects of technological change on factor
rewards can be drawn without taking factor supplies and factor
|substitution into consideration.

It is possible, for examplce, that a capital .using
technologlcal change. (B>0) may be ags sociated with a fall in
the rate of return on capital if I m§_2>T + H B ; similarly, a
laboul uqlng Lechnologlcal change (B <0) can be assocliated
with an increase in the rate of return on capital if

(14)

PR (B»-K/G)I«'_“ - ‘ -

L

.

-All we can say is that assuming k = 0 (i.e; factor
gupplies éither do not'increase, or ¢ncreas£ in equal}ymnmﬁion
a caplta1~u31ng technologlcaL Lhdbg@ will always increase the
rate of\return on capital and decrease the wage rate, and that
a 1abouf;using technological change will have the oppesite
effect.” -

Here again, it is important to point out to the
dlffelenca between the macro and the micro approacheq. " While
in the short-run, at the macro level, it is concelvable that

k =0, the factor intensity k is never a constant at the level

£ the individual firm under competitive assumptions: the

{13) The substitution effect on productivity-théory is always
C nedgative.

(14) We assume T is DOSlthE‘ in other words, there ‘is no
t@cthLlecal rctrogx0551on. '
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inuivicual rirm, attompiing to minimize itz costs, will alwavs

-~ change its capital-labour ratio as a result of changes in factor

prices caused by biased technological progress.

Finally, eguation ( 10 ) €tates that the share of
capital will increase relative to that of 1abour, ‘assuming
i = 0, 1if technologlhal bias is capltai using, and vice~versa,
1f£ itris labour~-uging.

If factor intensities change; its "corrected” effect
(1 ~‘—£—) k, precludes us from drawing any a hriori conclusions
about the effects of technological: change on fautor shares
without taking specific values for all varlab]es into
consideration. Dependlng on the value of o , the elasticity of
substltutlon, even a capltal using tCChnD]OglCdl change nay be
assoclated with a fall in the relative share of capital. This
would be the case. if, for example, capital intensity increases
(g > 0) and facﬁor substitution is difficult (0 < 1); as a
result, the rate of return on capital falls (the'lowef the
elasticity of substitution, the greater the intensity of the
fall), and if the capital-using bias of technological:progrpss
is not strong enough to offsct 1t (B <] 1 ~ _—w) X 1} the
rela“mve share of capltal w1l1 fall relative to that of laboufm

Theae relations can be shown graphwcdllv as follows“

Initially, equilibrium is attained at peint D, in figure - \Z-f

with the profit maxi mlzlng capital~labhour ratlo given by X.

lf
and relative prices given by the slcpe of line Kl 1 Relative
I .
shares’ (_ﬁﬁ_) neasured in terms of labour-units equals AL, /0A.
L A

Suppose now, that given a macroeconomic increase in  the
aggregate'capitalmlabour ratio, relative factor prices change
“to equal the slope of line K 1 5+ The new equilibrium would’

shift to point G, were relative shares would equal BL, /0B (we
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are azzuming no technolor
"not shift).

The percentage change in the capital-labour ratios can

: S k= (FA_ . DA . pA - pp e e
be identified asg k = 0 on P 05~ * Tpa~ - Furthermore,
drawing the auxiliary line HLl, parallel to KZLZ’ allows the
identification of the percentage change in the factor rrice
L e (BA_ DA . DA _ . ED " et
ratio as p = ( AL AL) T TALT T Tpaio - Since the elesticity
1 1 1
. . . - FD
of substitution equalg kK/p, o = 55T -

In this particular case we can see that since g > 1
and k > 0, the percentage change in relative shares was positive.

Using the properties of the similar triangles OGL2 and OHIL

J_ i
it can be seen that, indeed, relative shares increased from
L4 : ’
,AL%m o B Ll _ BL2
0a 0B 0B g

Of course, the opposite would have cccurred, had the
elasticity of substitution been smallexr than unity.

It can also be observed that, had the elasticity of
substitution been equal to unity (in which.case the capital-
labour ratio k2 would have gone througﬁ point E,' Ehich would

have cnincided with point F) relative shares wou % not have

cHanged, since point B' would have coincided with point A. The
sanme results would be true.if the isoguant Il had shifted in s
paralliel way, that is, if technical progressv had been HICKS
néutral; Thig can be seen gquite easily since, by definition,

neﬁtrality implies that along any capitalwlabourazmio, relative
vféctor—prices have to be constant, otherwise factor shares will
not have been congtant and HICKS neutrality conditions Wiil

not have been satisfied.

This is simply the graphical representation of the

phenomenon expressed in egquation ( 19 ) by the fact that the
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SUPPOSe now that technical Progress had been Capital -~
using, i.e., B » g in equation ( 10 ). Assuming that the
macroeconom1cally ~deternined relative £a 2Ctor  price shifteq
from that determlned by the slope of H1L1 to that given by the
slope of K2L2,' and that the value of ¢pe elasticity of

substitution remained the gapm

. I_?‘D -
e, il.e. egqual tg Ep ¢ then
the finajl effect on relative shares woujg be made up  of  tweo
. . . . . 7
parts. The first, ig the zhift, given g = pg ¢ from the
‘ AL 1 . BIL 5 Bf Lh
1n1§1§1 relation of “on -~ to ouTT = OB“W ¢ due entirely

to the change in relative ¢dctor Prices. The second part  ig
made up of the biageg shift in the isoguant Il to I2f\\3remwned
by a novement from point ¢ to point

tan

The movement from ¢ to u can be further decompo @d:uﬂo

two parts. From G to M the Movement ig gue to the effect of
the blased technical changD hef01e fu1Lher £

actor suhsg LL?utlons

tak E’aoe In equilibrium, efficiency in production_ would
L reguire, gt M', that the prlce of capital iﬁCreased relative

!
to wage rates if the Capital- labour ratio o
= He ce __“_hﬁﬁmh_“___bmm_ﬁw_“ﬂ

_were o e
malntalned AS we have soen,

however, at the microeconcmic
it is the Capital- ~labour rati

rathel th

© that ig bound +o adjust
an relative factor~prlces. Thus, the ;apital~1aboﬁr

is a factormsubstitution

factor Prices can be shown

£ Capital

relative to thas
of_labour.
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foliowing movement: at point D it was equal to

B'L “
G it increased to oeT—— and finally, at poink " M it became

OAi : at point

e
B Ll

OB!E @

!

Expressions (7) - (10 derived above, can also help
clarifying the reiationship between HICKS® and other definitions
of neutrality.

HARROD's definition of heuvtrality requires that r = 0 and
Vv = 0, where v i= +hg capital-cutput ratio, Using equationg ( 7 )

and the fact thatw{vml) =T - HL k (15)/both equated to zero,
gives the conditidn For HARROD capital-using, neutral and labxour-

using technological change, as fellows:

\’ B+(1-A~-—-l~—)}ﬁz

5 neutral | {11)

labour—-«usingo

Allv

}. capital-using
0

‘As can be seen, if technological changé ig HICKS neutral
(B=0), it will be also HARROD neutral only if g = 1o This is
the well-known result that, for the COBB-DOUGLAS production
‘functidn, both HICKS and HARROD neutrality coincide.

A similar index can be foundg f&r SOLOW' s definit}on of.
technological change. Neutrality requires w = 0 and f = 0,
where Yy is the output-labour ratié. Using équation ( ) ana
since ; =T + HKE we acquilre the following conditions for S0LOW
techneclogical progress: '

1

B + (1 - M—O‘—M) k neutral {12)

labour-using,

Adly

capitalwusing
0}

which are the same as HARROD'g conditions ( 11 Y. (16)

(15) See Appendix.

(16) With the production functiong defined in such & general
form as (3), the concepts of soLow and HARROD types of
technological change coincide, Actually, they are the same
thing replacing I for K and w for r. They are
strictly analogous concepts, T

i
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in

go far, we have been working with a general form of
the production function. For empirical work it is necessary to-
/l' ’ ‘ : ‘x
work out more specific assumption about technological progress.
one important form of technological progress 1is the factor-
: ing I R eY)
augmenting hypothesis.

Under this assumption, the general neoclassical

production function -. (3} may be woitten as
Y = F (K,L,t) = G (a(t)K, b{t)L). | {13)

This specification of the production function is a
Specializatioﬁ of the general form and as such, it lmplies some
rather strong rgstrictions. BURMELSTER et al (1969) present a
clear statement of the necessary and sufficient gonditicns that
must beipresent for factor—-auvgmenting technologiéal change;anﬁ

digcugs the meaning of the implied restrictions in  a guite
(18)

'ﬁﬂluminating way .
From the lemma stating sﬁch necessary andﬂsuffhﬁﬁnt
conditions they derive three theorems stating that:
'3) Technological change is HARROD neutral if, and
only if, there'exist functions a(t) and b(t) such

that F may be represented in the factor-augrenting

form with b(t) = 1.
D} Techndlogical change is HICKS neutral if, and
only if, F may be represented in the factor-

augmenting form with b(t) = a(t)..

© {17} Aamong others, BURMEISTER et al (1969, 1970), UZAWA (1961)
and BECKMAN et al (1968) have derived conditions for the
production function Y = F (K,L,t) to admit representation
in the factor—-augmenting form.

{18} In their 19270 work, they alsc present a good summary o©n
the importance and implications of factor-augmenting '
technoleogical progress in modern growth theories. See
also  SATO (1970).




oy Toehnological change 1s S0LOY neuntral 18, and  ond
if, F may bes represented in the factor-augmenting
form with af{t) = 1.
e ’

Assuming G to be linear homogeneous, it can be
represented, in intensive form as’

L

Y =6 (al©)k, b(t)w) =bw)L ¢ (BEE 1y - po, g {x) (14}
b{t)L .
‘where, x = %Ez;i is the factor ratio expressed in factor~
L

augnented form. In othexr words, the capital-labour ratio is now
the ratio of capital ta labour measured, both magnitudes, in
efficlency units, as opposed to natural units as previously
done. Technological progress in factor-augmenting form is

represented as if the factors of production had their services

i
increased by the functions a(t) and b(t), although their

services, measured in natural units (say man/hours) have

remained unchanged,{lgj Using the expressions
. PF G.G e
o= b Ltz gllgrmxgl) : _ C(1s) .
PE GG xag.
L¥ . 12 :

K g | o _ oo e

and the following properties of linear homogeneous functions

G E-Gl alt)X + G2 L{tL , . S(17) -
0 % Gyy a(t}K + G,y B(E)L , and fc;8)-
0 ; Glz al(t) K +'G22 b(t)L . - ' ffl9x

{12) Increase in efficiency units of the factors of production
- resulting from factor~augmenting technological change
should not be interpreted as meaning improvements  in
capital or in labour such as education, new design of
equipment, embodied results of R & D, etc. Factor--augmenting
is a disembodied type of technological progress.
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‘;hypothesis.
o= IIKa + HT,b ' (4a)
] 1 : f-L T oA 5
: B o= (1 ~ R (oa}
Expression (6a) defines a HICKS neutral technological

change if (a - b) = 0, capital-using technological change if

either (a - b) » 0 and o>, or o<1 aﬁd (a -~ b) < 0, and

" -~

labour~using technc:” '~} change if either o> 1 and (& - b)< O

e

’ N 20

or -o- <1 and (a -~ D) > 0.( )
Using the results obtained so far, and assuming factor-—
augrenting technoelogical changoes, exprgssiong ( 7) - (8 Yy

(9 and ( 10 ) reduce to

‘G = (HKK + HLL),+ (HKa + HLb} _ -(7a)
- - _ ; - 19y - ~ ~ : .
r = a f HL T = A S (a m-b) + khl . -{Ba)
- - . - i .- -~ L
W=D+ Iy 5= =Db+ 5= |(@~b) +k (9a)
- . l b ‘l - - - .
s = (1L~ x=(1--7) (a~-b+k (10&)

. - y .
{20} Of course, in the COBB-DOUGLAS case, ¢ = 1, and
" technological change is always neutral under HICKS',
HARROD's or SOLOW's definition.
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‘output can be deconmposed into two parts: one due to increases
in ﬁhe amouhts of factor services measured in natural units;‘
and the othex due to‘increases in the "efficiency” ,.of such

factor services. AS before, the distinction ia made between a

movemant along a. production function and a shift in it, 1.e.;

3

technological progress pProper.
The growth of factor rewards (equations (8a) and (9a)}
depends on the factor-augmenting indices (a(t) and b)), on the

increase in factor services measiired in natural units and  on
the elasticity of factor suisiitution. Here, different

combinations of values for inhere variables are possible,

making it difficult to state veneral rules relating technological

g

progress and growth of factor rewards. - As an example, suppose

-~

e

that technological progress is HICKS neutral, i.e., a — b = 0,

and suppose also that in the shork-run factor supplies are

-~

fined, i.e., ﬁ = 0, Then ; ;ﬂyﬁ and ; = 0, as we‘ would
expect from the 6e£;nition of HIJ XS neutrality. Su@pose now
‘that g > ; -~ 0. In this case, if g < 1 technological change
‘is HICKS lapour-using since B < O, Ag expected, the wage
rate would.increase and the relative factox share ratio would
fall, leading to a mo&e favourable income distribution towardsiﬁf
1abou£. The rate of return on capital, on the.other‘handt'emﬂQ€F;.
cither increase, remain equal or decrease depending on whetﬁéﬁf;f

k= 2 I[L'

a ~ b g : SR
In any case, howevex, labour's income share would increase =
relative to capital. Allowing for changes in k, all these
results could be reversed, showing that only the consideration

of specific values for all variabies would allow conclusions
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" Finally, it is possible to derive indices for HAR&OD-

and SOLOW biases from the expressions derived so far.

HARROD neutral technological change reguires a

constant capital output ratio (v = 0) and a constant rate of

n

return on capital (r = 0). We have seen how these two

conditions imply 8 = 0, since they are not all independent.

~Any two of the. above conditions inply that the third is equally

}

~

e - . . ¥ : s .
satisfied. Then x = 0. implies { = a i ¢ substituting in
n '

expression ( 1l0a ) results in

-

a . capital-using :
{g - 1) = } neutral (1la)
HL < :

labour-using .

Analogously, an index for SOLOW bias is given by

b N capital-using
{1 - a) 2 0 neutral } {1z2a)
K labour~using :

In both cases, technological change is neutral if o = ], TE
o # 1, the factor using bias will depend on whether o z 1.

- For example, if o < 1, a HICKS neutral technological change

-~

a =D > 0- results in HARROD labour~using and SCLOW capital-

using progress; if o > 1, then it results in HARROD capital-

using and SCLOW  labour-~using biases,




In deriving equationg (7), (8), (2) and (10) for. the twbw

factor general case, divide equation (4) by Fy » multiply equation

(6) by'%_i % « and adding thom, we get
T omB _ MFFyp o DR R ' ' .
FoTTE T FELF -~ (20)
I, : LR
from where it follows that
F _
N ' (21)
., i
K
¥
Lt . , .
o= T - B, | (22}

\ L
where Hi is the share of total income earned by factor 1.

Next, totally differentiating Fp = FK(KIL,t) gives

e = P o FR 4 Frogl 4 : : (2

o le)
K Kt KK L 23)
and observing that, for linear homogeneous functions, the
: ' FrFr ;
elasticity of substitution, ¢ = -2 443 that - L¥__ = RKF__,
) FFKL LL LE
e I - 1 - : _— .
and finally thd? KFKK = LFKL s At follows that
Lok Fre Ty o (24)
K -FK EK . a o -

Substituting {(21) into (24)

b“"

- X r
= = + - —x ‘ : 3
F, ¥ T I (B > ; (25}




cand by a similar procedure,

.‘:‘ - .
- s - __“‘L _ . Tk -
‘ L . (% k (26)

Agsuming competitive markets and profit maximizing
behaviour, equatioés_(ZS) and (26} represént proportional rate
of change of the rate of return on capital {r) and of the wage
rate (w), respectively. Fuxthermo;e, defining v as the capital-~
output ratico, and M as the marginal rate Qf'technépal subgtita~

tion, it follows'that
) =T - X k , and . (27}

-~ _ 1. L
M=-—-k~B | (28)

which enables us to write equations (25) and (26) ag

r=T - MM = (v ) o (29)

H

w=T + LM =y +'HK(sf ) _ (30}

where y is the production function (3) expressed in intensive
form r ¥y = f(k,t) and vy =T + HKk , and S is the relative

income ratio.
Total differentiation of (3) yields

F = Ft + FKK + E‘LIJ . . o (321)

- Substituting equation (4) and the definitions of, KI and k,
one obtaing
e P -7 ek - TR o+ 1 I | (32)
¥ X K+ L=

\




Finalily, total logarithmic differentiation of H? vields
4

k7 Ty

Substituting equationsg (25) and (32) into (33) vyields

- ’ _ l - N -
L = Iy [ﬁ + (1 ) k;] . (34)

Analogously,

and using expressionsg {2), (28), {29) and {30)

H
H
b

i‘ . .S;:p-}-':

L

~w+»=3+(1~_——f§m>};ﬁ (36)

The following table showg equivalent expressiong for +two -
and "n" -~ factor cases, in the general and in the factor-augmenting

cases,
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